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Grid Influence on Upwind Schemes for the Euler and
Navier-Stokes Equations
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The grid influence on the standard Roe's upwind scheme in two space dimensions is investigated. It is shown that
inaccurate solutions can be obtained even in smooth flow regions and even with regularly structured triangular
meshes. Some numerical analyses and various inviscid and viscous computations are conducted to provide a better
understanding of this behavior. High-order reconstructions together with the standard scheme are shown to give
only limited improvements. A grid-independent upwind scheme based on a five-wave model has been tested and
has shown some potential in improving the situation.

I. Introduction

G ODUNOV type methods1 have played an important role in the
development of upwind schemes. The approximate Riemann

solver proposed by Roe2 has led this approach to a practical level
in which the Riemann problem of the Euler equations is linearized
locally and solved exactly in an average state. The beauty and effi-
ciency of this method found in one-dimensional problems, however,
are diminished when applied directly to two- or three-dimensional
situations since the simple wave model is based on local one-
dimensional Riemann problem. As a result, for first-order schemes,
the numerical solutions are smeared and are highly grid dependent.

During the last decade, many theoretical and numerical investi-
gations have been carried out to improve the situation. A first type
of approach uses local mesh adjustment, especially across discon-
tinuities such as shocks, so that the propagating direction of the
dominant wave is coincident with the mesh orientation. By doing
so, the local discontinuities are correctly represented by the one-
dimensional Riemann problem and, in some cases, this approach
works very well.3"5 However, the efficiency of the grid adaptation
may be a serious issue, and it is not clear how to adjust the grid in
smooth flow regions.

A second avenue using high-order reconstruction (HOR) has been
investigated systematically by Yee6 using a total variation diminish-
ing (TVD) scheme for structured meshes and by Earth7 for unstruc-
tured meshes. As expected, HOR can reduce the numerical dissipa-
tion introduced by first-order upwinding and the one-dimensional
Riemann solver. However, numerical analysis8 has shown that this
kind of improvement is limited to, at most, second-order accuracy.
Numerical experiences as reported by Aftosmis et al.,9 as well as
in the present paper, demonstrated that it is still grid dependent.
It is felt that by only increasing the order of the scheme, one can
seldom remove or reduce significantly the grid dependency and the
numerical dissipation.

The third approach is the multidimensional upwind method that
is based more deeply on the physical aspects of the Euler equations.

Several efforts have been made in this direction. Among them,
rotated upwind methodology solves the Riemann problem in the
direction of the local flow or pressure gradient10"13; the simple
wave model decomposes the total flux into several parts, each of
them being contributed by a simple wave with its own strength and
propagating direction14"16 and characteristic theory-based advec-
tion scheme diagonalizes the Euler equations to a set of compati-
bility equations corresponding to physically relevant characteristic
surfaces depending on the local flow.17"19 Although it is not clear
which of the approaches is closer to the underlying physics, numer-
ical investigations20 have shown that none of these approaches have
yet reached a satisfactory level with respect to their accuracy and
robustness.

One typical case of the grid dependency has been reported by
Earth and Jespersen21 (see Fig. 4.1, Ref. 21) in which a viscouslike
unphysical Euler solution was observed. It was demonstrated by the
authors21 that the second-order scheme can improve this kind of un-
physical behavior. With different grids, our experience shows that it
can seldom be removed completely even with a high-order scheme.
By realizing the importance of the geometric factors that contributed
to the grid dependency of the scheme, Earth7 has further proposed
a containment sphere concept to improve the situation. Despite its
limitation to cell-vertex schemes, however, the redesigned control
volume based on the containment sphere tessellation may still suf-
fer from irregular interface orientations for irregular unstructured
meshes.

The objective of the present work is to investigate the influence
of the grid on the solution accuracy of two-dimensional Euler and
Navier-Stokes equations when the conventional upwind scheme of
Roe2 is used, to try to provide better understandings of the unphys-
ical behavior, and to show the possible improvements in solution
accuracy by using one of the simplest grid-independent approaches
as proposed by Rumsey et al.12 The influence of the grid aspect ratio
and the unstructured grid regularity are also investigated. The main
concern of the present study is the grid related solution accuracy in
smooth flow regions.
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II. Governing Equations
The compressible laminar Navier-Stokes equations can be writ-

ten in the following matrix form:

Ut + V - (T - Q) = 0 (D

where U is the vector of conservative variables and T and Q are the
inviscid and viscous flux matrices, respectively. When an inviscid
flow is concerned, the viscous flux matrix Q is set to zero. In a two-
dimensional Cartesian coordinate system, the matrices are given by

U - (p,pux,puy,pe)r
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where p is the density, u = (M*, w^)7 the fluid velocity vector, e
the specific total energy, p the static pressure, and r the transpose.
Based on Stokes' hypothesis, the components of the viscous stress
tensor and the heat flux vector q — (qx,qyY are given as follows:

2du

du

Re

PrRe(y - 1) 3x

^ PrRe(y - 1) dy

where T is the static temperature, y = cp/cv the ratio of the spe-
cific heats of the fluid, n the molecular viscosity normalized by
the value at stagnation point /u,o, Re the Reynolds number based on
the stagnation properties, and Pr the Prandtl number. The equation
system (1) is completed by introducing the equation of state that for
a perfect gas is

(2)

where /i is a function of the temperature T as given by Sutherland's
law

in which S0 = Si/T() is a constant, with Si = 110 K for air and T0
the stagnation temperature.

HI. Numerical Algorithm
Flux Discretization

One of the widely used schemes for compressible flow compu-
tations is Roe's flux-difference scheme.2 The_key feature of this
scheme is the introduction of an averaged state A to approximate the
Jacobian A = dF/dU on each interface. This averaged matrix A
can be expressed as .

A = QVQ~l

where T> is a diagonal matrix formed by the four eigenvalues A 1,2,3,4
and Q is formed by the corresponding independent four eigenvectors
£1,2,3,4 of A.

In the standard extension of Roe's scheme from one-dimensional2

to two-dimensional problems (for example, see Ref. 22), the flux
vector on any interface with right and left states represented by R
and L is computed by

- UL) (4)

In the present work, a cell-centered scheme is used, i.e., all of the
variables are stored at each triangle center and the triangle itself is
chosen as the control volume. The method selected to evaluate the
right and left states at a given interface in Eq. (4) determines the order
of the scheme. Piecewise constant approximation on each triangle

leads to a first-order scheme. A second-order scheme can be ob-
tained by using piecewise-linear reconstruction within the triangle.21

A third-order scheme can be constructed by using quadratic recon-
struction and by using two-point Gauss quadrature to integrate the
flux.23

The gradient of a variable 0 is first computed at each vertex of the
unstructured triangular grid by the application of Gauss theorem to
its median dual V that is formed from median segments connecting
the triangular centroid and the face midpoints:

i /» i
— d> (/>nv ds = —
V

(5)

where nv is the unit outward normal vector of V, n(c) its num-
ber of sides, and s the facial length of V with the direction of nv.
Then, the gradient in each triangle (cell value) is obtained from an -
arithmetical mean of its three vertex values and the piecewise-linear
reconstruction within each triangle for the conservative variable 4>
is given by21

c, y) = <f>0 + ArTV4>() (6)

The quadratic reconstruction has been realized using a least-square
technique to evaluate the gradient and the second-order derivatives.
The quadratic reconstruction is then given as23

, y) = 0>o (7)

where

is the Hessian matrix.
The quadratic reconstruction is made k exact by using an ap-

proach proposed by Barth and Frederickson24 that increases the
physical support used. The gradient and the Hessian matrix are di-
rectly evaluated at the cell center with a stencil comprising all of
the neighboring triangles that share at least one node with the con-
sidered triangle. This stencil will generally provide enough support
(more than five) even at the boundaries.

To preserve the monotonicity of the scheme using HOR, a
proper limiter needs to be defined. In this paper, both limiters de-
fined by Barth and Jesperson21 and Venkatakrishnan25 are used,
whereas most of the numerical computations are conducted us-
ing Venkatakrishnan's limiter because of its superior convergence
properties.

The viscous fluxes are evaluated by computing the gradient at
the edges as an area (of the median dual) weighted averaging of the
gradient previously computed at the vertices, as just described.

Boundary Conditions
The flow boundary conditions are imposed using fictitious cells

outside the boundaries. The flow properties are set in these cells
so as to represent the various types of boundary conditions. Then
the Riemann solver is applied regularly to the boundary interface
giving the required fluxes. On inlet or outlet boundaries, the number
of conditions imposed depends on the local Mach number. For ex-
ample, for a supersonic outlet, all external fictitious cell values are
extrapolated from internal values, whereas for a subsonic outlet, the
back pressure is imposed and other properties are extrapolated. The
isentropic infinite conditions are imposed on far-field boundaries.
On solid walls, the flow properties in the fictitious cells are reflected
according to inviscid or viscous boundary conditions. The adiabatic
wall condition is used for temperature.

For viscous flow computations, an accurate gradient evaluation
in Eq. (5) on solid boundary nodes can be achieved by reflecting the
contribution of the internal integration to the outside part. Details
can be found in Ref. 26.
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Fig. 1 Different computational triangular grids for the NACA0012 test
case: a) GE-i, b) GE.2, and c) GE.3.

Fig. 3 Computed temperature contours using first-order scheme with
different grids: a) GE-i, b) GE.2, and c) GE-3.

b)

c)

Fig. 2 Computed Mach contours using first-order scheme with differ-
ent grids: a) GE-i, b) GE.2, and c) GE.3.

Fig. 4 Computed entropy contours using first-order scheme with dif-
ferent grids: a) GE_!, b) GE.2, and c) GE.3.
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Solution Procedure
Once the inviscid and viscous fluxes are all calculated, the con-

servative properties U are advanced explicitly to the next time level

^+1 = (8)

where Sk is the length of the £th side of the triangular control volume.
Since the calculations conducted in this paper are all steady cases,
the time-accurate explicit scheme is time consuming. However, a
local time stepping technique proposed by Zhang et al.27 is used to
accelerate the convergence. Furthermore, a multigrid acceleration
procedure for unstructured meshes, as discussed by Gurrie,28 is used
for the time integration. As a result, the Courant-Fredrichs-Lewy
(CFL) number used for the computations can be chosen as c — 1.9.

IV. Grid Influence
A theoretical analysis about the grid influence using Riemann

solvers for a linear advection equation in two-dimensions can be
found in Ref. 8. In this study, various high-order polynomial recon-
structions are analyzed from a mathematical point of view and the
conclusions for triangular meshes are as follows.

1) First-order schemes (i.e., piecewise constant) do not satisfy the
consistency condition.

2) Second-order schemes (i.e., piecewise linear) with zero-mean
HOR have only first-order spatial accuracy; with nonzero-mean
HOR, second-order spatial accuracy can be achieved only when
regular meshes are used.

3) Third-order spatial accuracy cannot be achieved, no matter the
order of the reconstruction and the number of Gaussian points used.

4) Zero cross diffusion is achieved only when regular meshes are
used.

Fig. 5 Computed temperature contours using grid GE.i with different
schemes: a) second-order scheme, b) third-order scheme, and c) rotated
first-order scheme.

From these conclusions, it seems that the first-order scheme
should be abandoned, that a high-order scheme is needed, and that
a scheme higher than third-order is unnecessary. Now, the remain-
ing question is: will a high-order scheme be accurate and efficient
enough to provide satisfactory results without specific attention to
the grid? Seeking an absolutely grid-independent scheme may not
be practical, but the grid dependency must be small enough for
an acceptable scheme. However, some simple numerical test cases
presented in this paper provide some bad examples for the standard
Roe's upwind scheme that has been widely used together with HOR.

One of the main drawbacks for the approximate Riemann solver
is the uncertainty of the upwind direction that should be independent
of the grid orientation. This may become clearer after the following
discussion.

The Euler flux evaluation formula of Roe's scheme (4) can be
rewritten as

1
(9)

where the second term in the right-hand side (RHS) represents the
interaction of all of the physical waves at the cell interface as a
superposition of four simple waves with

e\ = (1, ux +ccos0, uy +csin#, H +

e-i — (l,ux — CCOS0, uy — csin#, H —

e3 = (0, — c sin 0, c cos 0, ciij_)r (10)

corresponding to two acoustic waves, one shear wave and one en-
tropy wave. The ̂  are their propagating speeds, which are given
by

A,2 = M H - c, = u\\

c)

Fig. 6 Unstructured grid and computed temperature contours us-
ing standard schemes with M;nf = 0.8, a = 1.25 deg: a) grid GE.ust,
b) first-order scheme, and c) second-order scheme.
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and the ak are their strengths, which have the following expressions:

(11)

with

(12)

a4 = .(l/c2)(c2Ap-Ap)

My = ux cos 0 + Uy sin 0

Mj_ = — ux sin 0 + uy cos 0

M U = AM* cos0 .+ Auy sin0

AMI = —AM* sin 9 4- v cos 0

where 0 is the angle that defines the upwinding direction and the
tilde represents Roe's average value of the corresponding variables.
If 0 = Og, the angle of the grid normal direction, the wave model
is the standard grid-aligned model. The choice of the direction 9
directly affects the upwinding term in Eq. (9).

It is evident that the directions of the two acoustic waves e\i2 and
the shear wave e^ are strongly dependent on the choice of 9 but
the entropy wave 64 is not. The physically correct direction should
mainly consider these two types of waves. If the acoustic waves are
dominant, corresponding to a large pressure difference, the direc-
tion based on the pressure gradient may be relevant, whereas if the
shear wave becomes dominant, corresponding to a large velocity
difference, then the direction based on the .velocity difference may
be appropriate. In fact, these are the basic ideas of the various ro-
tated upwind algorithms,10"13 and great improvements have been
achieved especially across discontinuities using these approaches.

It is noted that in general flow patterns, the dominant wave is un-
certain and it is unphysical to force every wave to propagate in the

same direction. Allowing different waves to propagate in different
directions14-19 may be more physically sound. Further investigations
need to be done along this direction. A disadvantage of rotated up-
wind schemes is their poor convergence performance because the
upwinding direction depends on the local flow properties. Freez-
ing the direction for some iterations12 and blending between the
computed direction and the grid face normal13 are often used to
improve the convergence. The additional parameters introduced in
these techniques are difficult to control and are quite problem and
grid dependent.

Considering the solution in smooth regions, especially the prob-
lem shown in Fig. 4.1 of Ref. 21, it seems that the misrepresentation
of the shear wave is one of the major factors contributing to the grid
dependency. In fact, shear waves are not represented properly by
the standard four-wave model even if a rotated upwind scheme is
used. To illustrate this, consider a special case in which UR and UL
are parallel but AM ̂  0. Two directions, streamwise and its normal,
are chosen to demonstrate the deficiency of the scheme. These two
directions have been considered as the least diffusive directions to
compute the flux vector.5 If 9 is the streamwise direction that is close
to the rotated upwind direction based on the velocity difference, then
AMI = 0 and thus a3 = 0; if 9 is the normal to the streamwise di-
rection that in some cases is close to the direction defined by the
pressure gradient, then u\\ = 0 and so is ^3. In both cases, the shear
wave used in the wave model (9) has no contribution to the real
shear. In a general case with an arbitrary 9, the situation may be
worse and shear waves are not being taken into account properly.

This four-wave model can be modified by adding extra waves
as fundamental wave components, such as proposed by Roe.14 This
has been implemented as a five-wave model by Rumsey et al.12 with
one more shear wave that is set at a right angle to the propagating
direction so that there is always one effective shear wave. Numerical
results in Ref. 12 showed that the five-wave model gave much bet-
ter solutions than the four-wave model when applied to strong shear

a)

Fig. 7 Semistructured finer grid and computed temperature contours
using the standart schemes with Mjnf = 0.8: a) grid GE.f, b) first-order
scheme with a = 0 deg, and c) second-order scheme with a = 1.25 deg.

c)

Fig. 8 Computed temperature contours using rotated scheme with M,-nf
= 0.8: a) second-order scheme using grid GE.ust with a = 1.25 deg,
b) first-order scheme using grid GE.f with a = 0 deg, and c) second-
order scheme using grid GE.f with a = 1.25 deg.
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cases including viscous flow computations. Despite its extra dissipa-
tion and some robustness problems close to stagnation points,29 we
will use this scheme to illustrate some of the solution improvement.
One reason to choose this model is that the shear waves are treated
more accurately. The modified expression for all of the terms given
and the projection back to the grid normal can be found in Ref. 12
and will not be repeated here.

b)

Fig. 9 Uniform computational grids for flat-plate boundary layer with
different cut: a) GNS-Mi, b) GNS,M2> and c) GNS.a3.

V. Results and Discussions
A set of numerical tests is conducted to verify some of the obser-

vations and discussions given in the preceding section. Even though
a first-order scheme should not be used for practical computations,
it was used for most of the calculations as our present purpose is
the study of grid dependency. Second- and third-order schemes are
also used to demonstrate their limitation in the improvement of the
solution accuracy. Inviscid tests are performed for an NACA0012
airfoil with various grids. Viscous tests are conducted on a flat-plate
boundary layer and also on the NACA0012 airfoil.

Inviscid Transonic Flow
A set of tests is performed first for the inviscid flow over an

NAGA0012 airfoil. The first case is for a flow with 0-deg incidence
and Mach number of 0.8. Three triangular coarse grids are employed
as shown in Figs, la-lc. The grids GE_i and GE_2 are obtained by
cutting two different C-type quadrilateral meshes such that, close
to the airfoil surface, the cuts are in different directions. Grid GE.3
is cut from an O type quadrilateral mesh with some skewness such
that, close to the surface, the triangles are almost symmetrically
placed with respect to the normal of the surface.

A first-order upwind conventional scheme was used for these
grids and the Mach isolines are presented in Figs. 2a-2c. It is ev-
ident that some boundary-layer like viscous loss along the airfoil
surface appears for grids GE-i and GE_2, whereas there is almost no
such behavior for grid GE-3. A much stronger effect is observed on
the temperature isolines shown in Figs. 3a-3c even for GE-3. The
entropy [which is defined as p/(pY) — 1] isolines are also plotted
in Figs. 4a-4c with increment of 0.003. The maximum entropy val-
ues for the three grids GE-i, GE.2, and GE-3 are 0.0552, 0.0477,
and 0.0353, respectively. For this problem, it seems that grid GE-3
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Fig. 10 Velocity profiles obtained using the uniform computational grids: a) standard scheme, and b) rotated scheme.
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works better than grid GE.2 and both are better than grid GE-i. Grid
GE-3 has triangles with two-side oblique interfaces and, as a result,
the computed solution is superior to the solutions produced by grids
GE_i and GE-2 that have only one-side oblique triangle interface.
However, the shock captured by grid GE-3 is more diffused than the
others because the grid is not aligned along the shock as it is for the
other two grids.

Fig. 11 Stretched computational grids for flat-plate boundary layer
with different cut: a) GNS.rf, b) GNS.v2, and c) GNS.v3.

To investigate the possibility of improving the situation, three
more computations are conducted and are presented in Figs. 5a-5c
using grid GE_!. In this figure, solutions correspond to the iso-
temperatures using the second-order scheme (Fig. 5a), the third-
order scheme (Fig. 5b), and the first-order rotated scheme based on
the five-wave model (Fig. 5c),12 respectively. Comparing these to
the solution shown in Fig. 3 a, the second-order scheme improved the
situation but not much, the third-order scheme does not really yield
any improvements over the solution using the second-order scheme,
and the rotated upwind scheme almost removed the artificial viscous
loss completely. Thus, we may conclude that this kind of solution
inaccuracy is more dependent on the grid cutting or grid structure
than on the order of the scheme.

A completely unstructured grid (GE-ust) with almost equilateral
triangles (Fig. 6a) and a much finer grid (GE-f) with concentration
near the airfoil surface (Fig. 7a) were used to verify the same kind of
inaccuracy of the inviscid solutions. Both the first-order and second-'
order standard schemes are used for grid GE.ust with Mach = 0.8 and
incidence angle of a = 1.25 deg. The isotemperatures are shown in
Figs. 6b and 6c. The solution using the second-order rotated upwind
scheme is also presented in Fig. 8a for comparison. It is observed
that there is almost no viscouslike losses in all of these isolines.
For the standard scheme, however, irregular contours are observed,
especially with the first-order solution, whereas the rotated one does
improve the irregularity as can be seen in front of the weak shock
of the lower surface. For the finer grid GE.f, computations using the
first-order scheme with a = 0 deg and the second-order scheme with
a = 1.25 deg are conducted, and the isotemperatures are presented
in Figs. 7b and 7c and Figs. 8b arid 8c without and with the rotated
upwinding, respectively. The viscouslike behavior is evident for
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Fig. 12 Velocity profiles obtained using the stretched computational grids and standard scheme: a) longitudinal component and b) transverse
component.
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Fig. 13 Velocity profiles obtained using uniform grids with different grid spacing: a) longitudinal component and b) transverse component.

both the first- and second-order results using standard upwinding
even for the refined grid but is almost absent in the solutions using
rotated upwinding. These tests show that refinement of the grid close
to the wall cannot remove the error accumulation, whereas, a much
less diffused solution can be obtained by using an unstructured grid
that has random interface orientation. The rotated upwind scheme
can improve the situation significantly. The improvement for the
entropy using the rotated upwind scheme has been discussed and
presented in Ref. 12.

These numerical tests indicate that one of the main sources of the
viscouslike behavior on the inviscid solutions can be attributed to
too large a grid dependency of the upwind scheme based on the grid
interface orientation. As a result, unphysical solutions are obtained
even in smooth flow regions and not only across discontinuities as
just shown.

Flat-Plate Boundary Layer
In the following, the solution of the Navier-Stokes equations with

upwinding discretization for the convection term is analyzed. As al-
ready discussed, the standard upwinding treatment of the convection
term is highly grid dependent and may yield inaccurate solutions
near the wall for Euler equations. However, one may expect that for
Navier-Stokes equations the viscous fluxes will be dominant near
the wall and the upwinding error will have minor effects on the final
solution. In fact, it is also important for flows with strong shear.

In this subsection, some computations of viscous flow over a flat
plate are presented and compared with analytical solutions.30 The
normal distance away from the plate is scaled as

where the subscript oo represents the property outside the boundary
layer. Here, x is the distance measured from the leading edge of
the plate. The computations are conducted under the conditions that
Pr = 1.0 and \L = T. The computational domain is shown in Fig. 9
with a plate length of 2.0 and normal width of 0.5. Analytical inlet
boundary conditions are imposed.

The first test is for three different but almost uniform grids (with
aspect ratio of 1), shown in Fig. 9, which are symmetrically cut
(GNS-Bi), one-side cut (GNS.M2), and totally unstructured (GNS.M3),
and have 2800,1400, and 2199 triangles, respectively. The compu-
tations were performed with a Mach number of 0.8 and a Reynolds
number of 1000 based on unit length. Comparisons of computed and
exact velocity profiles that are normalized by the analytical outer
layer u-velocity component, using standard and rotated first-order
schemes, are presented in Fig. 10 for solutions at station x = 1.0.
The standard scheme provided quite grid-dependent results. The
one-side cut grid (GNS_M2), which has fewer triangles than the other
two, gave the best solution, probably because the grid lines are more
aligned on the streamwise direction. Again, we attribute this grid
dependency mainly to the shear wave treatment in the convection
upwinding discretization, since the shear waves in the boundary-
layer case are stronger than in the inviscid case. From the second
part of Fig. 10, it is evident that the rotated five-wave scheme signif-
icantly improved the situation, especially in the region (4 < rj < 7)
where the convective fluxes are important compared to the diffusion
fluxes.

The second test is for three stretched grids (GNS.vi, GNS.y2, and
GNS.y3), shown in Fig. 11, which are prepared in the same way as
in the preceding test. They have the same aspect ratio of 50 near the
trailing edge and have 2304, 2304, and 820 triangles, respectively.
The computed velocity profiles using standard first-order scheme



ZHANG ET AL. 725

0.6

0.5 -

. 4

<D
H

0.2

0.1

Standard scheme
Rotated scheme

0.0 2.0 4.0 6.0 8.0 10.0
Aspect ratio

Fig. 14 Total error estimated from the computed and exact velocities with different grid spacing in x direction.

are plotted and compared with the exact solution in Fig. 12. For this
set of grids, all of the results, even the one using the unstructured
coarsest grid, agree well with the exact solution. In contrast to the
earlier test, the grid dependency is not so obvious and the use of
rotated up winding cannot be expected to give better solutions. Ac-
tually, as discussed before, the grid dependency is strongly related
to the orientation of the grid interface. The stretched grids, like the
three shown in Fig. 11, have interfaces that are mainly parallel to
the streamwise direction (or perpendicular but with very small side
length) inside the boundary layer. In this sense, the three grids have
almost the same interface orientation so that the grid dependency of
the solutions is minimized.

One could argue that the main effect on the improvement of the
solution is the grid refinement in the y direction rather than the in-
terface orientation. A test on two other grids that are similar to grid
GNS.Mi (uniformly spacing and symmetrically cutting), however,
demonstrates that the effect of the grid orientation is a key factor.
Grid GNS.M4 is obtained by refining grid GNS.Mi by a factor of 2 in
both the x and y directions; grid GNS-w5 is obtained by refining in
the y direction while coarsening in x direction by a factor of 2 from
grid GNS.Mi. As a result, grid GNS_M4 has four times more triangles
than GNS-Mi but has the same interface orientation, whereas grid
GNS-M5 has the same number of triangles as grid GNS_Mi and the
same grid spacing in the y direction as grid GNS.M4. The solution
using GNS-M4 is still very poor, as shown in Fig. 13, whereas the
solution using GNS.M5 is much better than the solutions calculated
on both grids GNS-Mi and GNS.M4 (Fig. 13). Several grids were
produced by keeping the y spacing as grid GNS_w4 while changing
the x spacing uniformly. The results are plotted in Fig. 14 in the
form of the total error of the velocity (]T \Ucomp — t/exactl) vs the
aspect ratio of the grids. In these calculations, both the standard
and rotated schemes are applied to the same grids with different
aspect ratio, which results in different triangle orientation angles.
The only difference between the schemes is the treatment of the
upwinding term that is strongly dependent on the interface orienta-
tion. In Fig. 14, the results using the rotated scheme indicate that the
grid aspect ratio has only a small effects at the accuracy, whereas
the results using the standard scheme shows large influence of the
grid orientation. This clearly demonstrates that the orientation of the
edges is an important factor in the grid dependency of the standard
scheme.

Viscous Flow over an Airfoil
The last test case concerns the external viscous flow past a

NACA0012 airfoil at 0-deg incidence with a Mach number of 0.5

Fig. 15 Semistructured grid around a NACA0012 airfoil and com-
puted pressure contours for viscous flow with M\nf = 0.5, a = 0 deg,
and Re = 5000: a) grid GNS-^t, b) standard first-order scheme, and c)
rotated first-order scheme.

and a Reynolds number of 5000. A semistructured grid with 23,231
triangles (GNS.sst in Fig. 15a) is used for the computation. The as-
pect ratio of this grid on the airfoil surface is about 100. The pressure
contours using both the standard and rotated first-order schemes are
depicted in Fig. 15b and 15c. The standard one shows a weak dis-
tortion near the trailing edge of the airfoil similar to that reported
in Ref. 31 in which a stronger separation occurred. The rotated one
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Fig. 16 Computed surface pressure coefficients for viscous flow using grid GNS.sst with Mjnf = 0.5, a = 0 deg, and Re '= 5000.

shows much less distorsion, as has been reported and discussed, also
in Ref. 12. The computed pressure coefficients Cp using standard
first- and second-order schemes as well as the rotated first-order
scheme are presented in Fig. 16. It is observed that higher values
of — Cp are obtained by the rotated first-order scheme than by the
standard first-order scheme and the former ones are very close to
the standard second-order result. It seems that the rotated scheme
can provide more accurate solution than the standard scheme.

Even if the flow has no separation, however, the distortion on
the pressure contours are still grid dependent. As an example, a
completely unstructured grid (GNS-ust in Fig. 17a) has been made
with 20,483 triangles and the aspect ratio is about 50 on the airfoil
surface. A closeup of the grid in the trailing edge region is repro-
duced in Fig. 17b. The grid has a sudden switch from stretched
mesh to uniform mesh. The nonstretched mesh may have a strong
influence on the solution accuracy. The computation was conducted
at 0-deg incidence, Mach number of 0.5, and Reynolds number
of 2000. With these parameters, no separation is observed. The
pressure contours obtained using the standard first- and second-
order schemes and using rotated first-order scheme are depicted
in Figs. 18a-18c, respectively. It is evident that the standard first-
order scheme produces very distorted pressure contours that reflect
the random behavior of the error waves because the grid interfaces
there have random orientations. The second-order scheme can im-
prove this kind of behavior, and an even smoother pressure pattern
is provided by the rotated first-order scheme with the five-wave
model.

It should be pointed out that, for the computations using rotated
upwinding scheme, the initial data are imposed by the standard
scheme solutions. In all of the inviscid flow test cases, the rotating
angle 9 was fixed for some number of iterations. After a short period
of time, it was frozen for the rest of the calculations to achieve con-
verged solutions, whereas for all of the viscous computations, the

b)

Fig. 17 Completely unstructured grid GNS-^t: a) around a NAC A0012
airfoil and b) closeup near the trailing edge.

rotating angle 9 was frozen directly computed from the converged
solutions using the standard scheme. It is found that the viscous
computations are less sensitive to the readjustment of the rotating
angle, but the inviscid computations always need many readjust-
ments of the rotating angle and are very sensitive to the frequency
of the adjustment. Once the rotating angle has been frozen, however,
the solution convergence is not a difficult issue.
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b)

c)

Fig. 18 Computed pressure contours for the viscous flow using grid
GNS-ust and parameters Minf = 0.5, a = 0 deg, and Re = 2000: a) stan-
dard first-order scheme, b) standard second-order scheme, and c) ro-
tated first-order scheme.

VI. Concluding Remarks
From the numerical investigations conducted in this paper, it is

felt that the standard first-order upwind scheme of Roe in two space
dimensions is so grid dependent that unphysical numerical solutions
can be produced even for regularly structured triangular meshes. It
is very hard to conclude that completely unstructured meshes can
provide better solutions although sometimes they do. Management
of the grid to improve the solution may not always be practical and
may not even be possible in some cases. HOR can generally improve
the solution accuracy, but has its own limitations. Really multidi-
mensional grid-independent schemes can be developed taking into
account more physical aspects of the problems. It is worth noting that
the rotated upwinding with a five-wave model can repair, to some
degree, the unphysical solutions. The convergence performance and
robustness of this method, however, need to be improved.
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